Abstract. We show that there are characters of compact, connected, nonabelian groups that approximate random choices of signs. The work was motivated by Kronecker's theorem on the independence of exponential functions and has applications to thin sets.
Introduction
Kronecker's theorem states that if x 1 , . . . , x k are real numbers that are linearly independent over Q, then for any ε > 0 and α 1 , . . . , α k ∈ R there exists a real number y with e iyxj − e iαj < ε for j = 1, . . . , k. This classical theorem has inspired many mathematicians since it was first proved more than 100 years ago, and has been extended in many ways. For example, Bohr [1] , [2] exploited the idea to study the absolute convergence of Fourier series of almost periodic functions, Hewitt and Zuckerman [11] generalized the theorem to deduce various approximation theorems, and Rudin [19] introduced the related notion of a Kronecker set.
A variation of Kronecker's theorem on the independence of exponential functions states that there is an infinite set of integers {n k } with the property that for any choice of signs {r j } there is some x ∈ T with sup j e inj x − r j < 1. A similar result is true for all infinite, compact abelian groups [9] .
In this paper we study the independence properties of characters of compact, connected, non-abelian groups. We prove that for all such groups there are infinite sets of characters that approximate random choices of signs {r k }. We do this first for Lie groups where the characters are well understood, and then appeal to the structure theorem for compact, connected groups.
Since the value of a character, χ k , can be as large as its degree, one might expect that an arbitrary choice of signs could be approximated by {χ k (x)/ deg χ k }. It is not possible to do this in compact, simple Lie groups (see [16] , [18] ); however, we are able to show that for most such groups one can approximate arbitrary choices of signs by {χ k (x)/(deg χ k )
a } for some a > 0. An application is given to the study of thin sets in compact, non-abelian groups.
2. Independence of characters 2.1. Independence of characters of compact, abelian groups. In [9] Hartman and Ryll-Nardzewski showed that the dual of every infinite, compact abelian group contains an infinite set of characters {χ j } such that for any choice of signs {r j } there is some x in the group satisfying sup j |χ j (x) − r j | < 1. The goal of this paper is to extend this result to any compact, connected group G. The dual of G, denoted G, is a maximal set of inequivalent, irreducible, unitary representations of G. The irreducible representations of compact groups are always finite dimensional and their traces are the characters of G.
Our main result is: 
We begin by considering compact, connected, simply connected, simple Lie groups because explicit formulas are known for their characters. Once the independence properties for characters on these groups have been established it is not difficult to use abelian group theory and the structure theorem to transfer the results for compact, Lie groups to all compact, connected groups.
2.2. Notation. Let G denote a compact, connected, simply connected, simple Lie group of rank n, and let T be a maximal torus of G associated with a system of positive roots Φ + . If h is a Cartan subalgebra of the Lie algebra g of G corresponding to T , then T = {exp(X) : X ∈ h}. Pick and fix a basis {H 1 , . . . , H n } for h such that each α(H k ) is an integer for all α ∈ Φ + (cf. [20, p. 181] ). The coordinates of X ∈ h are the unique real numbers ξ 1 , . . . , ξ n such that X = n i=1 ξ i H i . The Weyl character formula (cf. [21] ) specifies the value of a character on the torus and, since a character is a class function, this uniquely determines it. For more details and further background information on the structure and representation theory of compact, Lie groups the reader is referred to [12] and [20] .
Of primary interest to us are the representations σ N on G whose characters on the torus are given by the Weyl character formula as (2.1)
(This formula is understood as a limit if D(x) = 0.) Our study of these particular representations was motivated in part by the work of Dooley who showed in [4] that the set of representations {σ Nj }, for N j growing sufficiently rapidly, had the special feature of being a central p-Sidon set for p > 1. Later in this section we will prove that these characters have the desired independence property. Fix elements
and choose an integer N 0 such that if ξ 
Proof. Apply Lemma 2.2 to choose N 1 such that the range of D N1 restricted to B includes both ±c, say D N1 (x w1 ) = w 1 c for x w1 ∈ B, w 1 = ±1. Because D N is continuous, we can choose closed neighbourhoods B w1 in B, such that x w1 ∈ int B w1 and having the property that for all z ∈ B w1 ,
Without loss of generality, we may assume the diameter of B w1 is less than 1/2. Now assume inductively that for w j = ±1, j = 1, . . . , k we have found points x w1···w k , closed neighbourhoods
and an increasing sequence of integers
From Lemma 2.2 we may choose N k+1 > N k such that the range of D N k+1 restricted to each of the (finitely many) sets int B w1···w k for w j = ±1, j = 1, . . . , k, contains both ±c. Indeed, suppose that for
Then obtain closed neighbourhoods B w1···w k+1 of x w1···w k+1 , contained in int B w1···w k , so that for all z ∈ B w1···w k+1 ,
Certainly we can achieve this with a diameter of B w1···w k+1 less than 1/2 k+1 . This completes the induction step.
To see that the sequence {N k } has the required property take any choice of signs {r k } ∞ k=1 and consider the sets {B r1···r k } ∞ k=1 . These sets are non-empty, nested, compact and shrinking to zero in diameter; hence there exists a unique z
2.4. Independence of characters of Lie groups. We are now ready to prove that if {N j } grows sufficiently quickly, then the characters {T rσ Nj } can be used to approximate arbitrary choices of signs. 
2.5. Approximation of signs for compact, connected groups. We are now ready to show that there are infinite, "independent" sets of characters in any compact, connected group.
Proof of Theorem 2.1. By the structure theorem ([15, 6.5.6]) we may assume G is T × i∈I G i /K where the G i are compact, simple, simply connected, connected Lie groups, T is a compact, abelian group, K is a subset of the centre of T × i∈I G i and K ∩ T is the identity of G. Since the result is known for abelian groups we may assume I is non-empty. From (the proof of) Theorem 2.4 we can obtain a sequence of integers {N j } such that given any choice of signs {r j } there is some x ∈ G i0 with sup j T rσ Nj (x) − r j < 1.
The corresponding representations {λ Nj } interpolate at the coset with representative (e, g i ) where g i0 = x and g i = e otherwise.
Better approximations on Lie groups
For any representation λ we have T rλ(e) = deg λ; thus one might speculate that it would be possible to find an infinite set of representations {λ j } such that for all choices of signs {r j } there is some x ∈ G with
This is not true for compact, connected, simple Lie groups, however, because it is known that T rλ(x)/ deg λ → 0 off the centre of the group ( [16] , [18] ) and the centre of such a group is finite. But characters can interpolate larger values than just signs in most simple Lie groups. To prove this we need to generalize Lemmas 2.2 and 2.3. It will be convenient to introduce some additional notation.
3.1. Notation. As usual, W will denote the Weyl group of G. For each g = exp(Y ) ∈ T , it will be useful to consider the following subset of the positive roots
and the related subset of the torus
The (dense) elements g of the torus for which Φ + (g) is empty are known as regular. We also need to consider the function on T given by
sin (α(X)/2) .
Lemma 3.1. Let g ∈ T and suppose there exists w ∈ W that fixes
Proof. Since D is alternating, we have for x = exp(X) that
where w(y) = g w yg
−1
w for all y ∈ T . Since w fixes Φ + (g), this implies that 
Choose N > 4π/ε and write x j = exp(X j ) where 
Proof. This is a routine generalization of Lemma 2.3 using the lemma above. The fact that the element z, found through the nested sets construction, is a limit of
We can now improve Theorem 2.4. 
for some s = s(G) < 1. (2) is finite, this shows that the theorem cannot hold for SU (2) .
(2) For SU (3) (Lie type A 2 ) there are elements neither central nor regular, namely those of the form g = exp(diag(ix, ix, −2ix) ) or a "permutation" thereof. However, all such g satisfy D g (g) > 0, and consequently T rσ N (g) ≥ 0. This means it is impossible to do the desired approximation with these representations (which is what we show for all the other groups). It is possible to obtain the desired approximation on SU (3) by using a different family of representations, but this is much more technical and the argument is not included in this paper.
Proof. The basic strategy of the proof will be to show that there exists some g ∈ T and w in the Weyl group with negative determinant, such that Φ + (g) is fixed by w and has the form Φ
Once this is established we will argue in a similar manner to the proof of Theorem 2.4, but appealing to the more general lemmas above, as follows: First, because w fixes Φ + (g), w(g) ∈ X(g) and thus an application of Lemma 3.1 shows that
Choose a closed neighbourhood B of g such that for all y ∈ B, |D g (y) − D g (g)| < εd/4. Apply Lemma 3.3, taking c = D g (g) and δ = εd/4, to obtain a sequence of integers {N k } with the outlined properties. We take λ k = σ N k .
Given a choice of signs
The fact that z ∈ B ensures that D g (z) = 0 and consequently Φ + (z) = Φ + (g). Thus
.
To establish the existence of such g ∈ G and w ∈ W , each classical Lie type can be considered separately. For example, in type B n , n ≥ 3, a basis for h is the set of 2n + 1 by 2n + 1 matrices {H 1 , . . . , H n } where H k = [a rs ] with a 2k−1,2k = 1, a 2k,2k−1 = −1, and all other a rs = 0. Take
in T with x and y chosen so that Φ + (g) = {δ i − δ j : 1 ≤ i < j ≤ n − 1}; the element w that corresponds to the simple change of sign in the nth coordinate on h fixes Φ + (g) and is odd. For type A n with n ≥ 3, an analogous argument produces
For B 2 and G 2 the argument is slightly different. In the case of B 2 , a basis for h is the set of 5 by 5 matrices {H 1 , H 2 } where H k = [a rs ] with a 2k−1,2k = 1, a 2k,2k−1 = −1, and all other a rs = 0. We take g = exp(xH 1 + xH 2 ) so that
. This change of sign allows similar arguments to be applied. Type G 2 is analogous.
Applications to thin sets
In this section we will be studying subsets of G with particular properties. To define these properties we need to introduce some normed spaces: First, given a matrix A we let A ∞ denote the largest eigenvalue of |A|. For E ⊂ G let because the mutual singularity of orbital measures shows that the subspace of finite measures that are linear combinations of orbital measures is norm closed.
So let φ be a real-valued sequence in the unit ball of l z a,∞ (E), and put r σ = sgn φ(σ). Obtain µ as in the hypothesis and set ν = µ/2. Replacing ν if necessary by (ν +ν)/2, whereν(E) = ν(E −1 ), we can assume ν is real. It is easy to see that ν| E − φ a,∞ ≤ (1 + ε)/2 = δ < 1. Moreover, ν is a linear combination of orbital measures and ν ≤ C/2.
Remark 4.1. When G is a compact abelian group, the irreducible representations are of degree one. So this proposition implies that the dual of every infinite, compact abelian group admits an infinite I 0 set. The proposition also shows that Parker's I sets [14] are examples of central I 0 sets in non-abelian groups.
Since the Fourier transform of any orbital measure satisfies 
